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Àííîòàöèÿ Ñòðîèòñÿ è èññëåäóåòñÿ íîâûé èòåðàöèîííûé ìåòîä äëÿ êîíå÷íîìåðíîé ñåäëî-
âîé çàäà÷è ñ îãðàíè÷åíèÿìè. Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíÿþòñÿ ê îáîñíîâàíèþ ñõîäè-
ìîñòè ðàçëè÷íûõ èòåðàöèîííûõ ìåòîäîâ äëÿ ñåòî÷íûõ àïïðîêñèìàöèé ëèíåéíûõ ýëëèïòè-
÷åñêèõ âàðèàöèîííûõ íåðàâåíñòâ ñ îãðàíè÷åíèÿìè íà ãðàäèåíò ðåøåíèÿ. Â ÷àñòíîñòè, îáîñ-
íîâûâàåòñÿ ñõîäèìîñòü äâóõñòóïåí÷àòûõ èòåðàöèîííûõ ìåòîäîâ. Îñíîâíûì äîñòîèíñòâîì
ïðåäëàãàåìûõ ìåòîäîâ ÿâëÿåòñÿ ïðîñòîòà èõ ÷èñëåííîé ðåàëèçàöèè. Ðåçóëüòàòû ÷èñëåííûõ
ðàñ÷åòîâ äåìîíñòðèðóþò âûñîêóþ ñêîðîñòü ñõîäèìîñòè ìåòîäîâ.
Êëþ÷åâûå ñëîâà: ñåäëîâàÿ çàäà÷à ñ îãðàíè÷åíèÿìè, âàðèàöèîííîå íåðàâåíñòâî, êîíå÷íî-
ðàçíîñòíàÿ àïïðîêñèìàöèÿ, èòåðàöèîííûå ìåòîäû.
ÓÄÊ 519.6
Abstract A new iterative method for a nite dimensional constrained saddle point problem
is constructed and investigated. The obtained results are applied to prove the convergence of
dierent iterative methods for the mesh approximations of variational inequalities with constraints
to the gradient of solution. In particular, convergence of two-stage iterative methods is proved.
The main advantage of the proposed methods is the simplicity of their implementation. The
results of the numerical testing demonstrate high convergence rate.
Key words: saddle point problem with constraints, variational inequality, nite dierence
approximation, iterative methods.
Ââåäåíèå
Ðàçâèòèå ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ âàðèàöèîííûõ íåðàâåíñòâ è çàäà÷ ñî ñâî-
áîäíûìè ãðàíèöàìè ìàòåìàòè÷åñêîé ôèçèêè îñòàåòñÿ àêòóàëüíîé çàäà÷åé íåñìîòðÿ
íà ïðîâåäåííûå â ïîñëåäíèå íåñêîëüêî äåñÿòèëåòèé ãëóáîêèå èññëåäîâàíèÿ â ýòîé
îáëàñòè. Îñîáåííî âàæíîé ïðîáëåìîé ÿâëÿåòñÿ ïîñòðîåíèå áûñòðî ñõîäÿùèõñÿ è
ýôôåêòèâíî ðåàëèçóåìûõ èòåðàöèîííûõ ìåòîäîâ ðåøåíèÿ ñåòî÷íûõ âàðèàöèîííûõ
íåðàâåíñòâ áîëüøîé ðàçìåðíîñòè, àïïðîêñèìèðóþùèõ íåðàâåíñòâà ñ äèôôåðåíöè-
àëüíûìè îïåðàòîðàìè.
Äëÿ âàðèàöèîííûõ íåðàâåíñòâ ñ îãðàíè÷åíèÿìè íà ãðàäèåíò ðåøåíèÿ (èëè ñ íå
äèôôåðåíöèðóåìûìè ôóíêöèîíàëàìè îò ãðàäèåíòà ðåøåíèÿ) íàèáîëåå èçâåñòíûìè è
õîðîøî çàðåêîìåíäîâàâøèìè ñåáÿ ìåòîäàìè ðåøåíèÿ ÿâëÿþòñÿ ìåòîäû, îñíîâàííûå
íà èñïîëüçîâàíèè ðàñøèðåííîé ôóíêöèè Ëàãðàíæà, è èõ îáîáùåíèÿ â ñëó÷àå íåïî-
òåíöèàëüíûõ îïåðàòîðîâ. Îñíîâû òåîðèè èòåðàöèîííûõ ìåòîäîâ ñ èñïîëüçîâàíèåì
ðàñøèðåííîé ôóíêöèè Ëàãðàíæà èçëîæåíû â êíèãàõ [1] è [2]. Ñõîäèìîñòü ðàçëè÷-
íûõ âàðèàíòîâ ýòèõ ìåòîäîâ îáîñíîâàíà äëÿ çàäà÷ â èñõîäíîé äèôôåðåíöèàëüíîé
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ïîñòàíîâêå ñ èñïîëüçîâàíèåì àïïàðàòà íåëèíåéíûõ ìîíîòîííûõ îïåðàòîðîâ â ãèëü-
áåðòîâûõ è áàíàõîâûõ ïðîñòðàíñòâàõ. Èòåðàöèîííûå ìåòîäû äëÿ íàèáîëåå îáùåãî
êëàññ âàðèàöèîííûõ íåðàâåíñòâ  ñ îáðàòíî ñèëüíî ìîíîòîííûìè îïåðàòîðàìè 
èçó÷åíû â [3], [4].
Ïðèìåíåíèå òåõíèêè ðàñøèðåííîé ôóíêöèè Ëàãðàíæà ê ñåòî÷íûì àïïðîêñèìà-
öèÿì âàðèàöèîííûõ íåðàâåíñòâ ñ îãðàíè÷åíèÿìè íà ãðàäèåíò ðåøåíèÿ ïðèâîäèò
ê êîíå÷íîìåðíûì ñåäëîâûì çàäà÷àì ñ îãðàíè÷åíèÿìè è "çàïîëíåííîé" îïåðàòîð-
ìàòðèöåé, äåéñòâóþùåé íà ïðÿìûå ïåðåìåííûå, ñîîòâåòñòâóþùèå ðåøåíèþ è åãî
ãðàäèåíòó. Â ñâÿçè ñ ýòèì ïðåäëîæåííûå â öèòèðîâàííûõ ðàáîòàõ èòåðàöèîííûå
ìåòîäû îñíîâàíû íà ïðèíöèïàõ êîìáèíàöèè ìåòîäîâ áëî÷íîé ðåëàêñàöèè è ãðàäè-
åíòíîãî ïîäúåìà ïî äâîéñòâåííûì ïåðåìåííûì.
Äðóãîé ïîäõîä ê ïîñòðîåíèþ èòåðàöèîííûõ ìåòîäîâ äëÿ ðåøåíèÿ êîíå÷íîìåðíûõ
ñåäëîâûõ çàäà÷ ñ îãðàíè÷åíèÿìè áûë ïðåäëîæåí â [5] è çàòåì ðàçâèò â ðàáîòàõ [6], [7].
Ýòîò ïîäõîä ñîñòîèò â ïðåîáðàçîâàíèè èñõîäíîé ñåäëîâîé çàäà÷è ê ýêâèâàëåíòíîé
çàäà÷å ñ áëî÷íî-òðåóãîëüíîé è ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé, äåéñòâóþùåé
íà ïðÿìûå ïåðåìåííûå. Äëÿ ðåøåíèÿ ïîñòðîåííîé ñåäëîâîé çàäà÷è ìîæíî ïðèìåíèòü
íåïîñðåäñòâåííî îáîáùåííûé ìåòîä Óçàâû (ãðàäèåíòíûé ìåòîä ïî äâîéñòâåííûì
ïåðåìåííûì).
Ïðè ðåøåíèè ñåòî÷íûõ âàðèàöèîííûõ íåðàâåíñòâ ñ ëèíåéíûìè îïåðàòîðàìè ëþ-
áûì èç óïîìÿíóòûõ âûøå ìåòîäîâ íà êàæäîé èòåðàöèè òðåáóåòñÿ ðåøèòü ñèñòå-
ìó ëèíåéíûõ (ñåòî÷íûõ) óðàâíåíèé è íåñâÿçíóþ ñèñòåìó çàäà÷ ìèíèìèçàöèè ìàëîé
ðàçìåðíîñòè, ñîîòâåòñòâóþùèõ òî÷êàì ñåòêè. Ïðè îáîñíîâàíèè ñõîäèìîñòè ìåòîäîâ
ñ÷èòàåòñÿ, ÷òî ñèñòåìû ëèíåéíûõ ñåòî÷íûõ óðàâíåíèé ðåøàþòñÿ òî÷íî.
Â äàííîé ðàáîòå ïîñòðîåí íîâûé èòåðàöèîííûé ìåòîä äëÿ êîíå÷íîìåðíîé ñåä-
ëîâîé çàäà÷è ñ îãðàíè÷åíèÿìè è ëèíåéíûìè îïåðàòîðàìè. Äîêàçàíà òåîðåìà î ñõî-
äèìîñòè ìåòîäà, ïðè ýòîì îñíîâíûì êîíñòðóêòèâíûì óñëîâèåì ñõîäèìîñòè ÿâëÿåòñÿ
îäíî îïåðàòîðíîå íåðàâåíñòâî, êîòîðîå ïîçâîëÿåò ïîëó÷èòü èíòåðâàë ñõîäèìîñòè äëÿ
èòåðàöèîííîãî ïàðàìåòðà. Ïðåäëîæåííûé ìåòîä âêëþ÷àåò â ñåáÿ îáîáùåííûé ìåòîä
Óçàâû [5] è òàê íàçûâàåìûé àëãîðèòì 2 èç [2] êàê ÷àñòíûå ñëó÷àè. Áîëåå òîãî, îáùàÿ
òåîðåìà î ñõîäèìîñòè èòåðàöèîííîãî ìåòîäà äëÿ ñåäëîâîé çàäà÷è ìîæåò áûòü ïðèìå-
íåíà è äëÿ îáîñíîâàíèÿ ñõîäèìîñòè äðóãèõ èòåðàöèîííûõ ìåòîäîâ ðåøåíèÿ ñåòî÷íûõ
âàðèàöèîííûõ íåðàâåíñòâ. Â ÷àñòíîñòè, â ñòàòüå äîêàçàíà ñõîäèìîñòü äâóõñòóïåí÷à-
òûõ âàðèàíòîâ ìåòîäîâ, â êîòîðûõ ñèñòåìû ñåòî÷íûõ óðàâíåíèé íà êàæäîé èòåðàöèè
îñíîâíîãî (âíåøíåãî) ìåòîäà ðåøàþòñÿ ñ ôèêñèðîâàííîé òî÷íîñòüþ âíóòðåííèì èòå-
ðàöèîííûì ïðîöåññîì.
Â îòñóòñòâèå òåîðåòè÷åñêèõ îöåíîê ñêîðîñòè ñõîäèìîñòè îñíîâíûì êðèòåðèåì
îöåíêè ýôôåêòèâíîñòè èòåðàöèîííûõ ìåòîäîâ ñòàíîâÿòñÿ ÷èñëåííûå ýêñïåðèìåíòû.
Ïðîâåäåííûå òåñòîâûå ðàñ÷åòû äëÿ ìîäåëüíûõ çàäà÷ ïîêàçàëè âûñîêóþ ñêîðîñòü
ñõîäèìîñòè ïðåäëîæåííûõ ìåòîäîâ, ÷òî íàðÿäó ñ ïðîñòîòîé èõ ÷èñëåííîé ðåàëèçàöèè
ÿâëÿåòñÿ íåñîìíåííûì äîñòîèíñòâîì ïðåäëîæåííûõ ìåòîäîâ.
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1 Ñåäëîâûå çàäà÷è ñ îãðàíè÷åíèÿìè è èòåðàöèîííûå ìåòîäû èõ ðåøåíèÿ
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(1)
ñ çàäàííûìè âåêòîðàìè f 2 Rn è g 2 Rs â ïðåäïîëîæåíèè, ÷òî
ìàòðèöà A 2 Rnn ïîëîæèòåëüíî îïðåäåëåíà;
ìàòðèöà B 2 Rsn èìååò ïîëíûé ðàíã: rankB = s 6 n;
 : Rn ! R   âûïóêëàÿ, ñîáñòâåííàÿ è ïîëóíåïðåðûâíàÿ
ñíèçó ôóíêöèÿ.
(2)
Òåîðåìà 1. ([7]) Ïóñòü âûïîëíåíû óñëîâèÿ (2) è
fx 2 Rn : Bx = gg \ int dom 6= ;: (3)
Òîãäà çàäà÷à (1) èìååò íåïóñòîå ìíîæåñòâî ðåøåíèé X = f(x; )g è x îïðåäåëÿ-
åòñÿ îäíîçíà÷íî.
Ïðèìåíèì äëÿ ðåøåíèÿ (1) èòåðàöèîííûé ìåòîä
Axk+1 + @ (xk+1) 3 BTk + f;
k+1 = k + D 1(g  Bxk+1): (4)
Â ñëó÷àå ñèììåòðè÷íîé ìàòðèöû A ìåòîä (4) ìîæíî ñ÷èòàòü îáîáùåííûì (ïðåäî-
áóñëîâëåííûì) ìåòîäîì Óçàâû äëÿ îòûñêàíèÿ ñåäëîâîé òî÷êè ôóíêöèè Ëàãðàíæà
L(x; ) = 1
2
(Ax; x) (f; x)+ (x) (Bx g; ); ñîîòâåòñòâóþùåé çàäà÷å (1). Äîñòàòî÷-
íîå óñëîâèå ñõîäèìîñòè èòåðàöèîííîãî ìåòîäà (4) ïðèâåäåíî â ñëåäóþùåé òåîðåìå.
Òåîðåìà 2. ([5]) Ïóñòü âûïîëíåíû óñëîâèÿ (2), (3). Åñëè
(Ax; x) > 
2
(D 1Bx;Bx) 8x 2 Rn (5)
ñ íåêîòîðûì  > 1; òî èòåðàöèîííûé ìåòîä (4) ñõîäèòñÿ äëÿ ëþáîãî íà÷àëüíîãî
ïðèáëèæåíèÿ 0: (xk; k)! (x; ) 2 X ïðè k !1.
Ïóñòü òåïåðü ìàòðèöà A ðàñùåïëåíà íà ñóììó ìàòðèö:
A = A1 + A2; ãäå A1 ïîëîæèòåëüíî îïðåäåëåíà. (6)
Èòåðàöèîííûé ìåòîä
A1x
k+1 + A2x
k  BTk + @ (xk+1) 3 f;
1

D(k+1   k) + Bxk+1 = g;  > 0; (7)
ñ ñèììåòðè÷íîé è ïîëîæèòåëüíîé ìàòðèöåéD íàçîâåì ìåòîäîì áëî÷íîé ðåëàêñàöèè-
Óçàâû.
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Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ (2), (3) è (6). Åñëè ñóùåñòâóþò ÷èñëî
 > 1 è íåïðåðûâíàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ  : Rn ! R, (0) = 0; òàêèå ÷òî
(A1x; x) + (A2y; x) >

2
(D 1Bx;Bx) + (x)  (y) 8x; y 2 Rn; (8)
òî èòåðàöèîííûé ìåòîä (7) ñõîäèòñÿ äëÿ ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ (x0; 0):
(xk; k)! (x; ) 2 X ïðè k !1..
Äîêàçàòåëüñòâî. Îòìåòèì, ïðåæäå âñåãî, ÷òî ìåòîä êîððåêòíî îïðåäåëåí, òàê êàê
âêëþ÷åíèå A1x
k+1 + @ (xk+1) 3 f   A2xk + BTk îäíîçíà÷íî ðàçðåøèìî â ñèëó ïî-
ëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû A1.
Ïóñòü (x; )  ðåøåíèå çàäà÷è (1), zk = xk x è k = k . Óìíîæèâ ñîîòíîøåíèÿ
A1z
k+1 + A2z
k + @ (xk+1)  @ (x) BTk 3 0; 1

D(k+1   k) +Bzk+1 = 0
íà 2zk+1 è 2k+1 , ñîîòâåòñòâåííî, ïîëó÷èì
2(A1z
k+1 + A2z
k; zk+1)  2(Bzk+1; k) 6 0;
kk+1k2D   kkk2D + kk+1   kk2D + 2(Bzk+1; k+1) = 0:
Îòñþäà, ïîñëå ñëîæåíèÿ, ñëåäóåò
kk+1k2D   kkk2D + kk+1   kk2D + 2(Bzk+1; k+1   k) + 2(A1zk+1 + A2zk; zk+1) 6 0:
Ïîñêîëüêó
2(Bzk+1; k+1   k) 6 (1  ")kk+1   kk2D +
 2
1  "kBz
k+1k2D 1 ;
òî â ñèëó (8) äëÿ äîñòàòî÷íî ìàëîãî ïîëîæèòåëüíîãî " íàéäåòñÿ  > 0 òàêîå, ÷òî
2(A1z
k+1 + A2z
k; zk+1)  
2
1  "kBz
k+1k2D 1 >  2kBzk+1k2D 1 + (zk+1)  (zk):
Òàêèì îáðàçîì, ñïðàâåäëèâî íåðàâåíñòâî kk+1k2D + 2(zk+1)   kkk2D + 2(zk)+
+ "kk+1   kk2D +  2kBzk+1k2D 1 6 0 (9)
Èç íåðàâåíñòâà (9) ñëåäóåò, ÷òî
 îãðàíè÷åííàÿ ñíèçó íóëåì ïîñëåäîâàòåëüíîñòü fkkk2D + 2(zk)g ìîíîòîííî
óáûâàåò è ñõîäèòñÿ ê êîíå÷íîìó ÷èñëó;
 kBzk+1k2D 1 ! 0) kzk+1k = kxk+1   xk ! 0;
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 kk+1   kkD = kk+1   kkD ! 0 ïðè k !1.
Ïîñêîëüêó zk ! 0, òî (zk) ! 0 è âìåñòå ñ fkkk2D + 2(zk)g ñõîäèòñÿ ïîñëåäîâà-
òåëüíîñòü fkkkDg, à çíà÷èò ïîñëåäîâàòåëüíîñòü fkg îãðàíè÷åíà. Ïóñòü fkig  åå
ñõîäÿùàÿñÿ ïîäïîñëåäîâàòåëüíîñòü: ki !  ïðè ki ! 1: Òîãäà òàêæå ki+1 ! .
Ïîñêîëüêó xk ! x è îïåðàòîð @ çàìêíóò, òî ïåðåõîäÿ ê ïðåäåëó ïðè ki ! 1 â
(7), ïîëó÷èì, ÷òî ïàðà (x; ) ÿâëÿåòñÿ ðåøåíèåì (1). Ïóñòü òåïåðü  =  âî âñåõ
ïðåäûäóùèõ âûêëàäêàõ. Òàê êàê ïîñëåäîâàòåëüíîñòü fkk kDg ñõîäèòñÿ, à åå ïîä-
ïîñëåäîâàòåëüíîñòü fkki kDg ñòðåìèòñÿ ê íóëþ, òî fkk kDg òàêæå ñòðåìèòñÿ
ê íóëþ.
Çàìå÷àíèå 1. Ïîëîæèâ A2 = 0 è  = 0, ìû ïðèõîäèì ê èòåðàöèîííîìó ìåòî-
äó (4) è óñëîâèþ ñõîäèìîñòè (7) òåîðåìû 2. Òàêèì îáðàçîì, òåîðåìà 3 ÿâëÿåòñÿ
îáîáùåíèåì òåîðåìû 2.
2 Êîíå÷íî-ðàçíîñòíûå àïïðîêñèìàöèè äâóõ ìîäåëüíûõ âàðèàöèîííûõ íåðà-
âåíñòâ
Ïóñòü 
 = (0; 1)  (0; 1), V = H10 (
)  ïðîñòðàíñòâî Ñîáîëåâà è K = fu 2 V :
jru(x)j 6 1 ï. âñ. â 
g  âûïóêëîå è çàìêíóòîå ìíîæåñòâî. Îïðåäåëèì âûïóêëûé è
íåïðåðûâíûé íà V ôóíêöèîíàë I(u) =
Z


jruj dx è áèëèíåéíóþ è íåïðåðûâíóþ íà
V  V ôîðìó
a(u; v) =
Z


ru  rv dx+
Z


q(x)  ru v dx; q(x) = (q1(x); q2(x));
ãäå ôóíêöèè q1(x) è q2(x) íåïðåðûâíû è íåîòðèöàòåëüíû â 
. Ðàññìîòðèì âàðèàöè-
îííûå íåðàâåíñòâà
u 2 K : a(u; v   u) >
Z


f(v   u) dx 8v 2 K; (10)
u 2 V : a(u; v   u) + I(v)  I(u) >
Z


f(v   u) dx 8v 2 V: (11)
Îáîçíà÷èì ÷åðåç q = max
x2

q
q21(x) + q
2
2(x) è ÷åðåç 0 = 2
2  ìèíèìàëüíîå ñîáñòâåííîå
÷èñëî îïåðàòîðà Ëàïëàñà â 
 ñ îäíîðîäíûìè óñëîâèÿìè Äèðèõëå. Ïðè q <
p
0
áèëèíåéíàÿ ôîðìà a ïîëîæèòåëüíî îïðåäåëåíà:
a(u; u) >
 
1  q 1=20
 Z


jruj2 dx =  1  q 1=20 kuk2V ;
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ïîýòîìó âàðèàöèîííûå íåðàâåíñòâà (10) è (11) îäíîçíà÷íî ðàçðåøèìû äëÿ ëþáûõ
f 2 H 1(
) (ñì., íàïðèìåð, [9]).
Ïîñòðîèì êîíå÷íî-ðàçíîñòíûå àïïðîêñèìàöèè âàðèàöèîííûõ íåðàâåíñòâ (10) è
(11) íà ðàâíîìåðíîé ñåòêå ! = fx = (ih; jh) : 0 6 i; j 6 m + 1; (m + 1)h = 1g.
Èñïîëüçóåì ñëåäóþùèå îáîçíà÷åíèÿ äëÿ ñåòî÷íûõ ìíîæåñòâ: ! = fx 2 ! : 1 6 i 6
m; 1 6 j 6 mg; @! = ! n !; !+1 = fx 2 ! : 1 6 i 6 m + 1; 1 6 j 6 mg; !+2 =
fx 2 ! : 1 6 i 6 m; 1 6 j 6 m + 1g è !+ = !+1 [ !+2 . Ïóñòü Vh  ýòî ïðîñòðàíñòâî
ñåòî÷íûõ ôóíêöèé, îïðåäåëåííûõ â óçëàõ ñåòêè ! è ðàâíûõ íóëþ â ãðàíè÷íûõ óçëàõ
@!, à Wih  ïðîñòðàíñòâà ñåòî÷íûõ ôóíêöèé, îïðåäåëåííûõ â óçëàõ ñåòêè !
+
i , i =
1; 2. Îïðåäåëèì êîíå÷íî-ðàçíîñòíûå àïïðîêñèìàöèè áèëèíåéíîé ôîðìû, ìíîæåñòâ
è ôóíêöèîíàëîâ, ñ÷èòàÿ äëÿ ïðîñòîòû f(x) íåïðåðûâíîé ôóíêöèåé:
ah(uh; vh) = h
2
X
x2!+
2X
i=1
@iuh(x)@ivh(x) + h
2
X
x2!
2X
i=1
qi(x)@iuh(x)vh(x);
Kh =

uh 2 Vh : (@1uh(x))2 + (@2uh(x))2 6 1 8x 2 !+
	
;
Ih(uh) = h
2
X
x2!+
q
j@1uh(x)j2 + j@2uh(x)j2; fh(vh) = h2
X
x2!
f(x)vh(x):
Çäåñü @1uh(x) = h
 1(uh(ih; jh)   uh((i   1)h; jh)) è @1uh(x) = h 1(uh((i + 1)h; jh)  
uh(ih; jh))  ðàçíîñòíûå ïðîèçâîäíûå ïî x1 â óçëå ñåòêè x = (ih; jh) è àíàëîãè÷íî
îïðåäåëåíû ðàçíîñòíûå ïðîèçâîäíûå ïî x2.
Êîíå÷íî-ðàçíîñòíûå àïïðîêñèìàöèè âàðèàöèîííûõ íåðàâåíñòâ (10) è (11) èìåþò
âèä
uh 2 Kh : ah(uh; vh   uh) > fh(vh   uh) 8vh 2 Kh; (12)
uh 2 Vh : ah(uh; vh   uh) + Ih(vh)  Ih(uh) > fh(vh   uh) 8vh 2 Vh: (13)
Äàëåå áóäåì èñïîëüçîâàòü ôîðìóëèðîâêó ýòèõ ñåòî÷íûõ âàðèàöèîííûõ íåðàâåíñòâ â
"ìàòðè÷íî-âåêòîðíîì" âèäå. Ñ ýòîé öåëüþ îïðåäåëèì ïðîñòðàíñòâà âåêòîðîâ óçëî-
âûõ ïàðàìåòðîâ ñåòî÷íûõ ôóíêöèé, à òàêæå ìàòðèöû, ñîîòâåòñòâóþùèå ñåòî÷íûì
îïåðàòîðàì. Ïóñòü u; v 2 Rn; n = m2;  âåêòîðû óçëîâûõ ïàðàìåòðîâ ñåòî÷íûõ
ôóíêöèé uh; vh èç Vh, à wi 2 Rn+m  âåêòîðû óçëîâûõ ïàðàìåòðîâ ñåòî÷íûõ ôóíêöèé
wih 2 Wih. Îïðåäåëèì ïðÿìîóãîëüíûå (n+m)n ìàòðèöû L1, L2, êâàäðàòíóþ nn
ìàòðèöó S è âåêòîð f 2 Rn ðàâåíñòâàìè
(L1u;w1) =
X
x2!+
@1uh(x)w1h(x); (L2u;w2) =
X
x2!+
@2uh(x)w2h(x);
(Su; v) =
X
x2!
2X
i=1
qi(x)@iuh(x)vh(x); (f; v) =
X
x2!
f(x)vh(x);
ñ÷èòàÿ, ÷òî ñêîáêè (; ) â ëåâîé ÷àñòè ðàâåíñòâ îçíà÷àþò åâêëèäîâî ñêàëÿðíîå ïðîèç-
âåäåíèå â ïðîñòðàíñòâå âåêòîðîâ ñîîòâåòñòâóþùåé ðàçìåðíîñòè.
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Ïî ïîñòðîåíèþ LTL = LT1L1 + L
T
2L2  ýòî ìàòðèöà ñåòî÷íîãî îïåðàòîðà Ëàïëàñà
 h =  @1@1 @2@2 â ïðîñòðàíñòâå Vh. Îíà ñèììåòðè÷íà è ïîëîæèòåëüíî îïðåäåëå-
íà: kLuk2 > minkuk2; min = 8h 2 sin2(0:5h): Äëÿ ñåòî÷íûõ ôóíêöèé uh; vh 2 Vh è
ñîîòâåòñòâóþùèõ èì âåêòîðîâ óçëîâûõ ïàðàìåòðîâ u è v ñïðàâåäëèâî íåðàâåíñòâî
(Su; v) 6
 X
x2!
2X
i=1
(@iuh(x))
2
1=2 X
x2!
v2h(x)
2X
i=1
q2i (x)
1=2 6 qkLukkvk;
ïîýòîìó ìàòðèöà G = LTL+ S ïîëîæèòåëüíî îïðåäåëåíà ïðè q < 
1=2
min:
(Gu; u) = kLuk2 + (Su; u) >  1  q 1=2min kLuk2 > 0 8u 6= 0:
Ìíîæåñòâî îãðàíè÷åíèé äëÿ âåêòîðîâ óçëîâûõ ïàðàìåòðîâ u ñåòî÷íûõ ôóíêöèé uh 2
Kh ïðèîáðåòàåò âèä K = fu 2 Rn : (L1u)2j + (L2u)2j 6 1 8j = 1; 2; : : : ; n + mg è åãî
èíäèêàòîðíàÿ ôóíêöèÿ îïðåäåëÿåòñÿ ðàâåíñòâîì '(Lu) =
n+mX
j=1
I1((L1u)j; ((L2u)j); ãäå
I1(x1; x2)  èíäèêàòîðíàÿ ôóíêöèÿ åäèíè÷íîãî êðóãà fx 2 R2 : x21 + x22 6 1g: Â ñâîþ
î÷åðåäü, ôóíêöèÿ '(Lu) =
n+mX
j=1
q
(L1u)2j + (L2u)
2
j ñîîòâåòñòâóåò Ih(uh) â ñåòî÷íîì
âàðèàöèîííîì íåðàâåíñòâå (13).
Â ðåçóëüòàòå îáà ñåòî÷íûõ âàðèàöèîííûõ íåðàâåíñòâà, (12) è (13), ìîãóò áûòü
çàïèñàíû â âèäå ñëåäóþùåãî âàðèàöèîííîãî íåðàâåíñòâà äëÿ âåêòîðà óçëîâûõ ïàðà-
ìåòðîâ:
u 2 Rn : (Gu; v   u) + '(Lv)  '(Lu) > (f; v   u) 8v 2 Rn: (14)
Ïðè q < 
1=2
min ìàòðèöà G ïîëîæèòåëüíî îïðåäåëåíà, à ôóíêöèÿ '  L  âûïóê-
ëàÿ, ñîáñòâåííàÿ è ïîëóíåïðåðûâíàÿ ñíèçó (íåïðåðûâíàÿ â ñëó÷àå âàðèàöèîííîãî
íåðàâåíñòâà (13)), ïîýòîìó âàðèàöèîííîå íåðàâåíñòâî (14) èìååò åäèíñòâåííîå ðåøå-
íèå. Âåêòîð u = 0 òàêîâ, ÷òî Lu = 0 2 int dom', ïîýòîìó ñïðàâåäëèâî ðàâåíñòâî
@['(Lu)] = LT@'(Lu) (ñì., íàïðèìåð. [9], ñòð. 36) è âàðèàöèîííîå íåðàâåíñòâî (14)
ìîæåò áûòü çàïèñàíî â ôîðìå âêëþ÷åíèÿ
Gu+ LT@'(Lu) 3 f; G = LTL+ S:
Ââåäåì â ðàññìîòðåíèå âåêòîðû p = Lu è  2 p + @'(p). Òîãäà òðîéêà (u; p; ) óäî-
âëåòâîðÿåò ñèñòåìå
Su+ LT = f;  2 p+ @'(p); p = Lu:
Èíûìè ñëîâàìè, ýòî ñåäëîâàÿ çàäà÷à0@S 0 LT0 E  E
L  E 0
1A0@up

1A+
0@ 0@'(p)
0
1A 3
0@f0
0
1A : (15)
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Òåîðåìà 4. Çàäà÷à (15) èìååò ðåøåíèå (u; p; ) ñ åäèíñòâåííûìè âåêòîðàìè
(u; p), ïðè ýòîì u  ýòî ðåøåíèå (14), à p = Lu.
Äîêàçàòåëüñòâî. Ïðåîáðàçóåì (15) ê ýêâèâàëåíòíîé çàäà÷å, ïðèáàâëÿÿ ê ïåðâîìó
óðàâíåíèþ òðåòüå, óìíîæåííîå íà rLT ; r > 0; è âû÷èòàÿ èç âòîðîãî âêëþ÷åíèÿ òðå-
òüå óðàâíåíèå, óìíîæåííîå íà r:0@S + rLTL  rLT LT rL (1 + r)E  E
L  E 0
1A0@up

1A+
0@ 0@'(p)
0
1A 3
0@f0
0
1A : (16)
Çàäà÷à (16) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì (1) ïðè
x =

u
p

; @ =

0
@'

; A =

G+ (r   1)LTL  rLT
 rL (1 + r)E

è B =
  L E :
Ìàòðèöà B èìååò ïîëíûé ðàíã è 0 2 int dom', ïîýòîìó âûïîëíåíî óñëîâèå (3) òåî-
ðåìû 1. Äëÿ ïðèìåíåíèÿ ýòîé òåîðåìû îñòàëîñü äîêàçàòü ïîëîæèòåëüíóþ îïðåäå-
ëåííîñòü ìàòðèöû A ïðè íåêîòîðîì r > 0. Îáîçíà÷èâ  = 1  q 1=2min > 0, ïîëó÷èì:
(Ax; x) > (Gu; u) + (r   1)kLuk2 + (r + 1)kpk2   2rkLukkpk >
> ( + r   1)kLuk2 + (r + 1)kpk2   2rkLukkpk:
Ïðè r >  1(1 ) êâàäðàòè÷íàÿ ôîðìà (+ r  1)t2+(r+1)s2  2rts ïîëîæèòåëüíî
îïðåäåëåíà, ïóñòü c0(r) > 0  åå ìèíèìàëüíîå ñîáñòâåííîå ÷èñëî. Òîãäà
(Ax; x) > c0(r)(kLuk2 + kpk2) > 0 8x 6= 0:
3 Èòåðàöèîííûå ìåòîäû ðåøåíèÿ ñåòî÷íûõ ñåäëîâûõ çàäà÷
3.1 Îáîáùåííûå ìåòîäû Óçàâû è áëî÷íîé ðåëàêñàöèè-Óçàâû
Ðàññìîòðèì âíà÷àëå ÷àñòíûé ñëó÷àé âàðèàöèîííîãî íåðàâåíñòâà (10) ñ q(x)  0,
êîòîðîìó ñîîòâåòñòâóåò ñåòî÷íàÿ ñåäëîâàÿ çàäà÷à (15) ñ ìàòðèöåé S = 0: Â ýòîì
ñëó÷àå ìàòðèöà A ñåäëîâîé çàäà÷è (16) ïîëîæèòåëüíî îïðåäåëåíà ïðè ëþáîì ïîëî-
æèòåëüíîì r. Ïðèìåíèì äëÿ ðåøåíèÿ (16) èòåðàöèîííûé ìåòîä
rLTLuk+1   rLTpk = f   LTk;
(1 + r)pk+1 + @'(pk+1) 3 k + rLuk+1;
k+1 = k + (Luk+1   pk+1)
(17)
ñ íà÷àëüíûìè ïðèáëèæåíèÿìè 0 è p0.
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Òåîðåìà 5. Ìåòîä (17) äëÿ çàäà÷è (16) ñõîäèòñÿ äëÿ ëþáîãî íà÷àëüíîãî ïðè-
áëèæåíèÿ (0; p0) ïðè 0 <  < 2
1 + r
1 + 2r
r.
Äîêàçàòåëüñòâî. Èòåðàöèîííûé ìåòîä (17) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì (7) ñ ìàòðè-
öàìè
A1 =

rLTL 0
 rL (1 + r)E

; A2 =

0  rLT
0 0

è D = E:
Ïîëîæèì x = (u; p), y = (v; s) è ïîëó÷èì óñëîâèå íà èòåðàöèîííûé ïàðàìåòð  ,
îáåñïå÷èâàþùåå ñïðàâåäëèâîñòü íåðàâåíñòâà (8) ñ êàêèì-ëèáî  > 1. Ñïðàâåäëèâû
ñëåäóþùèå ñîîòíîøåíèÿ:
(A1x; x) + (A2y; x) = rkLuk2 + (1 + r)kpk2   r(p; Lu)  r(s; Lu); kBxk2 = kLu  pk2;
rj(s; Lu)j 6 1 + r
2
ksk2 + r
2
2(1 + r)
kLuk2:
Â ñèëó ýòèõ ñîîòíîøåíèé
(A1x; x) + (A2y; x)  
2
kBxk2 > (2r + r
2
2 + 2r
  
2
)kLuk2+
+ (
1 + r
2
  
2
)kpk2   j   rjkpkkLuk+ 1 + r
2
kpk2   1 + r
2
ksk2:
Ïîëîæèì (x) =
1 + r
2
kpk2: Òîãäà íåðàâåíñòâî (8) áóäåò ñïðàâåäëèâûì, åñëè íåîò-
ðèöàòåëüíî îïðåäåëåíà êâàäðàòè÷íàÿ ôîðìà (
2r + r2
2 + 2r
  
2
) t2 + (
1 + r
2
  
2
) s2  
j   rj ts. Ïðÿìûå âû÷èñëåíèÿ ïðèâîäÿò ê íåðàâåíñòâó  6 2 1 + r
1 + 2r
r, ÷òî ñîîò-
âåòñòâóåò óñëîâèþ òåîðåìû. Âñå îñòàëüíûå óñëîâèÿ òåîðåìû 3 î÷åâèäíî âûïîëíåíû,
îòêóäà ñëåäóåò ñôîðìóëèðîâàííîå óòâåðæäåíèå î ñõîäèìîñòè èòåðàöèîííîãî ìåòîäà
(17).
Ðàññìîòðèì ñíîâà ÷àñòíûé ñëó÷àé âàðèàöèîííîãî íåðàâåíñòâà (10) ñ q(x)  0 è
ñåäëîâóþ çàäà÷ó (15) ñ S = 0 ïðåîáðàçóåì ê ýêâèâàëåíòíîé çàäà÷å0@rLTL  rLT LT0 E  E
L  E 0
1A0@up

1A+
0@ 0@'(p)
0
1A 3
0@f0
0
1A (18)
ñ áëî÷íî òðåóãîëüíîé ìàòðèöåé A =

rLTL  rLT
0 E

. Ëåãêî ïðîâåðèòü, ÷òî A ïîëî-
æèòåëüíî îïðåäåëåíà ïðè 0 < r < 4. Â ýòîì ñëó÷àå äëÿ ðåøåíèÿ çàäà÷è (18) ìîæíî
ïðèìåíèòü îáîáùåííûé ìåòîä Óçàâû (4) ñ ïðåäîáóñëîâëèâàòåëåì D = E:
pk+1 = (E + @') 1(k);
rLTLuk+1 = f + rLTpk+1   LTk;
k+1 = k + (Luk+1   pk+1):
(19)
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Òåîðåìà 6. Èòåðàöèîííûé ìåòîä (19) ðåøåíèÿ çàäà÷è (18) ñõîäèòñÿ äëÿ ëþ-
áîãî íà÷àëüíîãî ïðèáëèæåíèÿ 0 ïðè 0 <  < 2r   r
2
2
(0 < r < 4):
Äîêàçàòåëüñòâî. Äîñòàòî÷íî ïðîâåðèòü âûïîëíåíèå óñëîâèÿ (5) òåîðåìû 2, êîòîðîå
â ðàññìàòðèâàåìîì ñëó÷àå ïðèîáðåòàåò âèä
(Ax; x)  
2
kBxk2 = rkLuk2 + kpk2   r(Lu; p)  
2
kLu  pk2 =
= (r   
2
)kLuk2 + (1  
2
)kpk2   j   rj(Lu; p) > 0
ïðè íåêîòîðîì  > 1. Äàííîå íåðàâåíñòâî âûïîëíåíî, åñëè íåîòðèöàòåëüíî îïðå-
äåëåíà êâàäðàòè÷íàÿ ôîðìà f(t; s) = (r   
2
)t2 + (1   
2
)s2   jr    jts; ò.å. ïðè
0 <  6 2r   r
2
2
:
Ïðèìåíèì îáîáùåííûé ìåòîä Óçàâû ê ñåòî÷íîé àïïðîêñèìàöèè âàðèàöèîííîãî
íåðàâåíñòâà (10) â îáùåì ñëó÷àå q(x) 6= 0. Ïðîâåäåì ýêâèâàëåíòíîå ïðåîáðàçîâà-
íèå ñîîòâåòñòâóþùåé ñåäëîâîé çàäà÷è (15), ïðèáàâëÿÿ ê ïåðâîìó óðàâíåíèþ òðåòüå,
óìíîæåííîå íà rL; r > 0; è âû÷èòàÿ èç âòîðîãî âêëþ÷åíèÿ òðåòüå óðàâíåíèå, óìíî-
æåííîå íà r: 0@S + rLTL  rLT LT0 E  E
L  E 0
1A0@up

1A+
0@ 0@'(p)
0
1A 3
0@f0
0
1A : (20)
Ïîëó÷èì óñëîâèÿ, îáåñïå÷èâàþùåå ïîëîæèòåëüíóþ îïðåäåëåííîñòü ìàòðèöû A =
S + rLTL  rLT
0 E

=

G+ (r   1)LTL  rLT
0 E

.
Ïóñòü x = (u; p)T . Áóäåì èñïîëüçîâàòü íåðàâåíñòâî (Gu; u) > kuk2;  = 1  
q
 1=2
min > 0: Òîãäà
(Ax; x) > ( + r   1)kLuk2 + kpk2   rkLukkpk
è ìàòðèöà A ïîëîæèòåëüíî îïðåäåëåíà, åñëè ïîëîæèòåëüíî îïðåäåëåíà êâàäðàòè÷-
íàÿ ôîðìà f(t; s) = ( + r   1)t2 + s2   rts. Îòñþäà ñëåäóåò óñëîâèå íà ïàðàìåòð r:
2(1 p) < r < 2(1 +p).
Ïðèìåíèì äëÿ ðåøåíèÿ ñåäëîâîé çàäà÷è (20) èòåðàöèîííûé ìåòîä
pk+1 = (E + @') 1(k);
rLTLuk+1 =  Suk + rLTpk+1   LTk + f ;
k+1 = k + (Luk+1   pk+1);
(21)
êîòîðûé ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì (7) ñ ìàòðèöàìè
A1 =

rLTL  rLT
0 E

; A2 =

S 0
0 0

è D = E:
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Òåîðåìà 7. Èòåðàöèîííûé ìåòîä (21) äëÿ ðåøåíèÿ ñåäëîâîé çàäà÷è (20) ñ r 2
(2(1 p); 2(1 +p)) ñõîäèòñÿ, åñëè
 <
1

(2 + 2r   2  r
2
2
); ãäå  = 1  q 1=2min > 0:
Â ÷àñòíîñòè, ïðè r = 2 ìåòîä (21) ñõîäèòñÿ, åñëè  < 2.
Äîêàçàòåëüñòâî. Ïîñêîëüêó kBxk2 = kLu  pk2 è kLuk2 > minkuk2, òî
(A1x; x) + (A2y; x)  
2
kBxk2 = rkLuk2 + kpk2  r(Lu; p) + (Sv; u)  
2
kLu  pk2 =
= (r   
2
)kLuk2 + (1  
2
)kpk2   (r   )(Lu; p) + (Sv; u) >
> (r   
2
)kLuk2 + (1  
2
)kpk2   jr    jkLukkpk   k

1=2
min
kLvkkLuk >
> (r  
2
  k

1=2
min
)kLuk2+(1  
2
)kpk2 jr  jkLukkpk+ k

1=2
min
(kLuk2 kLvkkLuk):
Ïðè âûïîëíåíèè óñëîâèÿ òåîðåìû íà ïàðàìåòð  ñïðàâåäëèâî íåðàâåíñòâî

2
6
1

( + r   1  r
2
4
) ñ íåêîòîðûì  > 1. Â ñâîþ î÷åðåäü, ýòî íåðàâåíñòâî îáåñïå÷èâàåò
íåîòðèöàòåëüíóþ îïðåäåëåííîñòü êâàäðàòè÷íîé ôîðìû f(s; t) = (r  
2
  k

1=2
min
)s2+
(1 
2
)t2 jr  jst; ïîýòîìó íåðàâåíñòâî âèäà (8) òåîðåìû 3 âûïîëíåíî ñ ôóíêöèåé
(x) =
q

1=2
min
kLuk2 :
(A1x; x) + (A2y; x)  
2
kBxk2 > q

1=2
min
(kLuk2   kLvk2):
Îòñþäà â ñèëó òåîðåìû 3 ñëåäóåò ñõîäèìîñòü èòåðàöèîííîãî ìåòîäà.
3.2 Äâóõñòóïåí÷àòûå èòåðàöèîííûå ìåòîäû
Ðàññìîòðèì ìåòîä (19), â êîòîðîì äëÿ îïðåäåëåííîñòè âîçüìåì ïàðàìåòð r = 1:
pk+1 = (E + @') 1(k);
LTLuk+1 = f + LTpk+1   LTk;
k+1 = k + (Luk+1   pk+1):
Ïóñòü óðàâíåíèå LTLuk+1 = f + LTpk+1   LTk ðåøàåòñÿ ñ ïîìîùüþ êàêîãî-ëèáî
âíóòðåííåãî èòåðàöèîííîãî ìåòîäà, ïðè ýòîì â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ
11
áåðåòñÿ uk. Îáîçíà÷èì m-óþ èòåðàöèþ ýòîãî ìåòîäà ÷åðåç um è ïóñòü Tm  ðàçðåøà-
þùèé îïåðàòîð (ìàòðèöà) m-îãî øàãà:
um   uk+1 = Tm(uk   uk+1)) uk+1 = (E   Tm) 1(um   Tmuk):
Îòñþäà ñëåäóåò, ÷òî um óäîâëåòâîðÿåò óðàâíåíèþ
LTL(E   Tm) 1(um   Tmuk) = f + LTpk+1   LTk:
Ïðèìåì m-óþ èòåðàöèþ âíóòðåííåãî èòåðàöèîííîãî ïðîöåññà um çà íîâîå, k + 1-îå,
ïðèáëèæåíèå â îñíîâíîì èòåðàöèîííîì ìåòîäå, òîãäà îí ïðèîáðåòåò âèä:
pk+1 = (E + @') 1(k);
LTL(E   Tm) 1uk+1   LTL(E   Tm) 1Tmuk = f + LTpk+1   LTk;
k+1 = k + (Luk+1   pk+1):
(22)
Òåîðåìà 8. Ïóñòü âûïîëíåíî óñëîâèå
kL(E   Tm) 1Tmuk2 6 kLuk2; (23)
ãäå  > 0 äîñòàòî÷íî ìàëîå ÷èñëî. Òîãäà ìåòîä (22) äëÿ çàäà÷è (18) ñõîäèòñÿ ñ
ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ (0; p0) ïðè
0 <  <
3  81=2
2  41=2 :
Äîêàçàòåëüñòâî. Èòåðàöèîííûé ìåòîä (22) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì (7) ñ ìàòðè-
öàìè D = E è
A1 =

LTL(E   Tm) 1  LT
0 E

; A2 =
 LTL(E   Tm) 1Tm 0
0 0

:
Ïîëó÷èì óñëîâèå íà èòåðàöèîííûé ïàðàìåòð  , îáåñïå÷èâàþùåå ñïðàâåäëèâîñòü íåðà-
âåíñòâà (8). Ïîëîæèì x = (u; p)T , y = (v; s)T . Òîãäà
(A1x; x) + (A2y; x) = (L
TLu; (E   Tm) 1u) + kpk2   (Lu; p) 
  (LTLu; (E   Tm) 1Tmv) = kLuk2 + (LTLu; (E   Tm) 1Tmu) 
  (LTLu; (E   Tm) 1Tmv) + kpk2   (Lu; p) = kLuk2 + kpk2 
  (Lu; p) + (Lu;L(E   Tm) 1Tmu)  (Lu; L(E   Tm) 1Tmv):
Ïðèìåíèâ "-íåðàâåíñòâî ê äâóì ïîñëåäíèì ñëàãàåìûì â ïðàâîé ÷àñòè íåðàâåíñòâà,
ïîëó÷èì
(A1x; x) + (A2y; x) > (1  ")kLuk2   1
2"
kL(E   Tm) 1Tmuk2 
  1
2"
kL(E   Tm) 1Tmvk2 + kpk2   (Lu; p) = (1  ")kLuk2   1
"
kL(E   Tm) 1Tmuk2+
+
1
2"
kL(E   Tm) 1Tmuk2   1
2"
kL(E   Tm) 1Tmvk2 + kpk2   (Lu; p):
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Îáîçíà÷èì
("; x) =
1
2"
kL(E   Tm) 1Tmuk2; ("; y) = 1
2"
kL(E   Tm) 1Tmvk2:
Òîãäà
(A1x; x) + (A2y; x) > (1  "  
"
)kLuk2 + kpk2   (Lu; p) + "(x)  "(y):
Âûáðàâ " = 1=2, ïîëó÷èì íåðàâåíñòâî
(A1x; x) + (A2y; x) > (1  21=2)kLuk2 + kpk2   (Lu; p) + (x)  (y);
ãäå (x) = (1=2; x), (y) = (1=2; y). Òåïåðü äëÿ ïðîèçâîëüíîãî  > 1
(A1x; x) + (A2y; x)  
2
kBxk2 > (1  21=2   
2
)kLuk2+
+ (1  
2
)kpk2   j1   jkLukkpk+ (x)  (y):
Óñëîâèå íåîòðèöàòåëüíîé îïðåäåëåííîñòè êâàäðàòè÷íîé ôîðìû f(t; s) = (1 21=2 

2
)t2+(1  
2
)s2  j1  jts ïðèâîäèò ê îãðàíè÷åíèþ  6 (3  81=2)(2  41=2) 1;
÷òî ñîîòâåòñòâóåò óñëîâèþ íà ïàðàìåòð  â ôîðìóëèðîâêå òåîðåìû.
Çàìå÷àíèå 2. Ïðè  = 0, ò.å. â ñëó÷àå òî÷íîãî ðåøåíèÿ ñèñòåìû óðàâíåíèé,
óñëîâèå ñõîäèìîñòè  <
3  81=2
2  41=2 ñîâïàäàåò ñ óñëîâèåì  <
3
2
èç òåîðåìû 6 (ïðè
r = 1).
Çàìå÷àíèå 3. Ïðåäïîëîæèì, ÷òî ìàòðèöà Tm êîììóòèðóåò ñ ìàòðèöåé A0 =
LTL (íàïðèìåð, Tm  ðàçðåøàþùàÿ ìàòðèöà â ìåòîäå ñîïðÿæåííûõ ãðàäèåíòîâ).
Â ýòîì ñëó÷àå óñëîâèå (23) âûïîëíåíî, åñëè
kTmk 6 
1 + 
: (24)
Äåéñòâèòåëüíî, ïðè âûïîëíåíèè óñëîâèÿ (24) ñïðàâåäëèâî íåðàâåíñòâî
k(E   Tm) 1Tmk 6 kTmk(1  kTmk) 1 6 :
Îáîçíà÷èâ A0 = L
TL è âîñïîëüçîâàâøèñü äàííîé îöåíêîé, ïîëó÷èì
kL(E   Tm) 1Tmuk2 = (A0(E   Tm) 1Tmu; (E   Tm) 1Tmu) =
= ((E   Tm) 1TmA1=20 u; (E   Tm) 1TmA1=20 u) 6 kA1=20 uk2 = kLuk2:
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Ïðåäïîëîæèì òåïåðü, ÷òî â ìåòîäå (17) óðàâíåíèå äëÿ uk+1 ðåøàåòñÿ ñ ïîìî-
ùüþ âíóòðåííåãî èòåðàöèîííîãî ïðîöåññà. Òîãäà àíàëîãè÷íî ïðåäûäóùåìó ñëó÷àþ
ïîëó÷èì èòåðàöèîííûé ìåòîä
LTL(E   Tm) 1uk+1   LTL(E   Tm) 1Tmuk   LTpk = f   LTk;
2pk+1 + @'(pk+1) 3 k + Luk+1;
k+1 = k + (Luk+1   pk+1):
(25)
Çàäàííûìè ñ÷èòàþòñÿ íà÷àëüíûå ïðèáëèæåíèÿ 0, p0 u0.
Òåîðåìà 9. Ïóñòü âûïîëíåíî óñëîâèå (23). Òîãäà ìåòîä (25) äëÿ çàäà÷è (16)
ñõîäèòñÿ äëÿ ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ ïðè
0 <  <
4  161=2
3  81=2 :
Äîêàçàòåëüñòâî. Èòåðàöèîííûé ìåòîä (25) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì (7) ñ ìàòðè-
öàìè D = E è
A1 =

LTL(E   Tm) 1 0
 L 2E

; A2 =
 LTL(E   Tm) 1Tm  LT
0 0

:
Ïîëîæèì x = (u; p)T , y = (v; s)T . Òîãäà
(A1x; x) + (A2y; x) = (L
TLu; (E   Tm) 1u) + 2kpk2   (Lu; p) 
(LTLu; (E   Tm) 1Tmv)  (s; Lu) = kLuk2 + (LTLu; (E   Tm) 1Tmu) 
  (LTLu; (E   Tm) 1Tmv) + 2kpk2   (Lu; p)  (s; Lu) = kLuk2 + 2kpk2 
  (Lu; p)  (s; Lu) + (Lu;L(E   Tm) 1Tmu)  (Lu; L(E   Tm) 1Tmv):
Ïðèìåíèâ "-íåðàâåíñòâî ê äâóì ïîñëåäíèì ñëàãàåìûì â ïðàâîé ÷àñòè íåðàâåíñòâà è
íåðàâåíñòâî j(s; Lu)j 6 ksk2 + 1
4
kLuk2; ïîëó÷èì
(A1x; x) + (A2y; x) > (
3
4
  ")kLuk2   1
"
kL(E   Tm) 1Tmuk2 + kpk2   (Lu; p)+
+ (kpk2 + 1
2"
kL(E   Tm) 1Tmuk2)  (ksk2 + 1
2"
kL(E   Tm) 1Tmvk2):
Îáîçíà÷èì
("; x) = kpk2 + 1
2"
kL(E   Tm) 1Tmuk2; ("; y) = ksk2 + 1
2"
kL(E   Tm) 1Tmvk2:
Òîãäà ïðè " = 1=2 â ñèëó óñëîâèÿ (23) ïîëó÷èì íåðàâåíñòâî
(A1x; x) + (A2y; x) > (
3
4
  21=2)kLuk2 + kpk2   (Lu; p) + (x)  (y);
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ñ (x) = (1=2; x), (y) = (1=2; y). Òåïåðü
(A1x; x) + (A2y; x)  
2
kBxk2 > (3
4
  21=2   
2
)kLuk2+
+ (1  
2
)kpk2   j1   jkLukkpk+ (x)  (y):
Óñëîâèå íåîòðèöàòåëüíîé îïðåäåëåííîñòè êâàäðàòè÷íîé ôîðìû (
3
4
 21=2  
2
)t2+
(1  
2
)s2   j1   jts ïðèâîäèò ê îãðàíè÷åíèþ  6 (4  161=2)(3  81=2) 1=2 ïðè
íåêîòîðîì  > 1.
4 Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ
Ðåøàëèñü êîíå÷íî-ðàçíîñòíûå àïïðîêñèìàöèè (12), (13) âàðèàöèîííûõ íåðàâåíñòâ
(10) è (11), íàçûâàåìûå äàëåå çàäà÷à 1 è çàäà÷à 2, ñîîòâåòñòâåííî. Êîýôôèöèåíò ïðè
êîíâåêòèâíîì ÷ëåíå âûáèðàëñÿ ðàâíûì q(x) = (q; 0); q = const > 0. Ïðàâàÿ ÷àñòü â
çàäà÷å 1 f(x)  C = const. Â çàäà÷å 2 ïðàâàÿ ÷àñòü f(x) = ci1j1(x)   ci2j2(x), ãäå
i1j1(x)  ñåòî÷íàÿ -ôóíêöèÿ, ðàâíàÿ h
 2 â òî÷êå ñåòêè xi1j1 è íóëþ â îñòàëüíûõ,
c = const. Áûëè âûáðàíû xi1j1 = (0:1; 0:1) è xi2j2 = (0:9; 0:9).
Äëÿ ðåøåíèÿ ñîîòâåòñòâóþùèõ ñåäëîâûõ ñåòî÷íûõ çàäà÷ áûëè èñïîëüçîâàíû ñëå-
äóþùèå ìåòîäû:
ñåäëîâàÿ çàäà÷à (15) ñ ìàòðèöåé S = 0 (êîýôôèöèåíò ïðè êîíâåêòèâíîì ÷ëåíå
k = 0) ïðè âûáîðå r = 1 ðåøàëàñü ìåòîäîì áëî÷íîé ðåëàêñàöèè-Óçàâû (17),
ñåäëîâàÿ çàäà÷à (18) ñ ìàòðèöåé S = 0 ïðè âûáîðå r = 1 ðåøàëàñü îáîáùåííûì
ìåòîäîì Óçàâû (19),
ñåäëîâàÿ çàäà÷à (18) ñ ìàòðèöåé S 6= 0 (êîýôôèöèåíò ïðè êîíâåêòèâíîì ÷ëåíå
k > 0) ïðè âûáîðå r = 1 ðåøàëàñü îáîáùåííûì ìåòîäîì Óçàâû ñ âû÷èñëåíèåì
êîíâåêòèâíîãî ñëàãàåìîãî íà ïðåäûäóùåé èòåðàöèè (21).
Áûëè ðåàëèçîâàíû òàêæå äâóõñòóïåí÷àòûå ïðîöåäóðû, ïðè ýòîì â êà÷åñòâå âíóò-
ðåííåãî èòåðàöèîííîãî ìåòîäà äëÿ ðåøåíèÿ ñèñòåì óðàâíåíèé ñ ñåòî÷íûì îïåðàòî-
ðîì Ëàïëàñà âûáèðàëñÿ ìåòîä âåðõíåé ðåëàêñàöèè (SOR-ìåòîä).
Îñóùåñòâëÿëñÿ êîíòðîëü L2-íîðìû íåâÿçêè íà k-îé èòåðàöèè krkkL2 = h
  n2X
i=1
(rki )
2
 1
2 ,
ãäå âåêòîð íåâÿçêè îïðåäåëåí ðàâåíñòâîì rk = Luk   pk.
Ðåçóëüòàòû ðàñ÷åòîâ ïðåäñòàâëåíû â ñëåäóþùèõ òàáëèöàõ è ãðàôèêàõ.
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krNkL2 < h krNkL2 < h krNkL2 < 0:01 krNkL2 < 0:01
n ' h 1 â ìåòîäå (19) â ìåòîäå (17) â ìåòîäå (19) â ìåòîäå (17)
100 26 27 26 27
300 44 48 26 28
500 55 62 26 28
Òàáëèöà 1: Ðåøåíèå çàäà÷è 1 ïðè q = 0, C = 10, èòåðàöèîííûé ïàðàìåòð âûáðàí
 = 0:5. Â òàáëèöå ïðèâåäåíî ÷èñëî èòåðàöèé N äëÿ äîñòèæåíèÿ óêàçàííîé òî÷íî-
ñòè. Íà ãðàôèêå ïðèâåäåíî ïîâåäåíèå íîðìû íåâÿçêè äëÿ îáîèõ ìåòîäîâ (ãðàôèêè
ïðàêòè÷åñêè ñîâïàäàþò). Íà ðèñóíêå ÷åðíûì çàêðàøåíà ÷àñòü îáëàñòè, â êîòîðîé
çíà÷åíèå ìîäóëÿ ñåòî÷íîãî ãðàäèåíòà ìåíüøå 1.
k = 0 k = 1 k = 3
26 37 41
Òàáëèöà 2: Ðåøåíèå çàäà÷è 1 ìåòîäîì (21) ïðè C = 10 è ðàçëè÷íûõ êîýôôèöèåíòàõ
q ïðè êîíâåêòèâíîì ÷ëåíå. Â òàáëèöå ïðèâåäåíî ÷èñëî èòåðàöèé N äëÿ äîñòèæåíèÿ
òî÷íîñòè krNkL2 < 0:01.
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krNkL2 < h krNkL2 < h krNkL2 < 0:01 krNkL2 < 0:01
n ' h 1 â ìåòîäå (19) â ìåòîäå (17) â ìåòîäå (19) â ìåòîäå (17)
100 9 13 9 13
300 11 13 9 13
500 13 15 9 13
Òàáëèöà 3: Ðåøåíèå çàäà÷è 2 ïðè q = 0, c = 1, èòåðàöèîííûé ïàðàìåòð âûáðàí
 = 0:5. Â òàáëèöå ïðèâåäåíî ÷èñëî èòåðàöèé N äëÿ äîñòèæåíèÿ óêàçàííîé òî÷íî-
ñòè. Íà ãðàôèêå ïðèâåäåíî ïîâåäåíèå íîðìû íåâÿçêè äëÿ îáîèõ ìåòîäîâ (ìåòîä (19)
áûñòðåå). Íà ðèñóíêå ÷åðíûì çàêðàøåíà ÷àñòü îáëàñòè, â êîòîðîé ñåòî÷íûé ãðàäèåíò
ðàâåí 0.
q = 0 q = 1 q = 5
9 11 13
Òàáëèöà 4: Ðåøåíèå çàäà÷è 2 ìåòîäîì (21) ïðè c = 1 è ðàçëè÷íûõ êîýôôèöèåíòàõ
ïðè êîíâåêòèâíîì ÷ëåíå. Â òàáëèöå ïðèâåäåíî ÷èñëî èòåðàöèé N äëÿ äîñòèæåíèÿ
òî÷íîñòè krNkL2 < 0:01.
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×èñëî èòåðàöèé SOR-ìåòîäà N â çàäà÷å 1 N â çàäà÷å 2
100 27 83
500 26 9
1000 26 9
Òàáëèöà 5: Çàâèñèìîñòü ÷èñëà N âíåøíèõ èòåðàöèé îò ÷èñëà âíóòðåííèõ èòåðàöèé
äëÿ äîñòèæåíèÿ òî÷íîñòè krNkL2 < h ïðè ðåøåíèè çàäà÷ äâóõñòóïåí÷àòûì ìåòîäîì:
âíåøíèå èòåðàöèè  ìåòîä (19) è âíóòðåííèå èòåðàöèè  SOR-ìåòîä.
Èç ðàñ÷åòîâ ñëåäóåò, ÷òî ìåòîäû (19) è (17), èñïîëüçîâàííûå â ñëó÷àå q = 0,
ñðàâíèìû ìåæäó ñîáîé ïî ñêîðîñòè ñõîäèìîñòè ïðè òî÷íîì îáðàùåíèè ñåòî÷íîãî
îïåðàòîðà Ëàïëàñà è ñêîðîñòü ñõîäèìîñòè îáîèõ ìåòîäîâ íå çàâèñèò îò øàãà ñåòêè.
Ðåøåíèå çàäà÷è ïðè q > 0 ìåòîäîì (21) íåñóùåñòâåííî ñíèæàåò ñêîðîñòü ñõîäèìîñòè
ìåòîäà ïî ñðàâíåíèþ ñî ñëó÷àåì q = 0. Âëèÿíèå òî÷íîñòè ïðèáëèæåííîãî îáðàùå-
íèÿ âíóòðåííèì èòåðàöèîííûì ïðîöåññîì ñåòî÷íîãî îïåðàòîðà Ëàïëàñà íà ñêîðîñòü
ñõîäèìîñòè âíåøíåãî ìåòîäà âî ìíîãîì çàâèñèò îò ðåøàåìîé çàäà÷è.
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